A theory is developed for the acoustic field in a three-layer waveguide, representing the atmosphere, shallow ocean and sediment. The unaccelerated source is moving horizontally in the atmosphere. Two solutions are presented. The first, for a line source normal to the direction of travel, is a single wavenumber integral yielding the two-dimensional ͑2-D͒ field in each layer; and the second, for a point source, is a double wavenumber integral for the 3-D field in each layer. In both cases, the moving-source dispersion relationship for the three-layer environment is derived. From the 2-D dispersion relation, asymmetries fore and aft of the source, due to source motion, are shown to exist in the field in all three layers. In the water column, complex Doppler effects modify asymmetrically the effective depth of the channel and hence also the mode shapes. Evidence of the fore-aft modal asymmetry appears in the high-resolution spectrum of the field in the channel, which exhibits several sharp peaks on either side of the unshifted frequency, each associated with an up-or downshifted mode. A numerical evaluation of the 3-D solution provides a graphic illustration of the asymmetrical character of the field in all three layers.
I. INTRODUCTION
The effects of source motion on the propagation of sound in an infinite, homogeneous medium have been examined by a number of authors, for instance, Lowson, 1 Leppington and Levine, 2 Morse and Ingard, 3 Pierce, 4 and, of course, Johann Doppler, 5 for whom the frequency shift due to source motion is named. Sound transmission from moving sources in inhomogeneous media has also received considerable attention, particularly in connection with the deep ocean, [6] [7] [8] where the sound speed profile creates an acoustic waveguide known as the deep sound channel. Indeed, differential Doppler between individual peaks in very-long-range ͑several thousand kilometer͒ ocean-acoustic transmissions through the deep sound channel has been exploited by Dzieciuch and Munk 9 as a means of identifying ray arrivals. Doppler effects in shallow-ocean waveguides have been addressed by several authors, including Jacyna et al. 10 , who adopted a ray argument to interpret the acoustic field in a channel with a depth-dependent sound speed profile. Neubert 11 took a different approach, using normal modes to investigate the effect of Doppler on long-range acoustic tracking in oceanic channels; and a normal-mode theory of acoustic Doppler effects in shallow oceanic waveguides has been developed by Hawker. 12 A more general problem was considered by Schmidt and Kuperman, 13 who derived a spectral representation ͑wavenumber integral͒ for the field from a horizontally moving source in a stratified oceanic waveguide with multiple layers. As examples of their modeling technique, they discuss a moving source and moving receiver in a shallow water channel overlying a sedimentary half-space, and also acoustic emissions from the Arctic ice cover.
It is implicit in most discussions of Doppler phenomena in the ocean that the moving source is either on or beneath the sea surface. Such sources generally move slowly relative to the speed of sound in seawater, with typical Mach numbers of 0.01 or less, and hence the associated Doppler effects are small if not negligible. By comparison, an airborne acoustic source such as a light aircraft may produce more significant Doppler effects, since the Mach number ͑in air͒ is typically around 0.15, which is at least an order of magnitude higher than that of a water-borne source.
From the early observations of Urick 14 and Medwin, 15 and more recently the measurements of Richardson et al., 16 it is known that sound from an aircraft couples into the ocean and is detectable on a submerged receiver. Moreover, Doppler effects in aircraft sound in both the atmosphere and the ocean have been observed by Ferguson, 17, 18 who made measurements of the 68 Hz propeller-blade harmonic from a turboprop, fixed-wing aeroplane as it flew over a microphone mounted just above ground level and a hydrophone at a depth of 20 m beneath the sea surface. On the microphone, the difference-frequency between the upshifted tone on approach and downshifted tone on departure was found to be a factor of about 4.5 greater than the corresponding difference frequency on the hydrophone. This is consistent with a simple ray argument, combined with Snell's law for sound penetrating the air-sea boundary, which shows that the approach-departure difference frequency scales inversely with the sound speed of the medium in which the observation is made. Thus, the 4.5:1 ratio of the difference frequena͒ cies observed by Ferguson 17, 18 on the microphone and hydrophone is, in fact, a measure of the sound speed in seawater relative to that in air.
The relationship between the local speed of sound and the Doppler difference frequency in a stratified medium has been exploited recently by Buckingham et al. 19, 20 as a means of measuring the speed of sound in the sediment immediately beneath the sea floor. In their experiments, the Dopplershifted engine and propeller harmonics from a single-engine, light aircraft were detected on acoustic sensors located in the atmosphere, the ocean and the sediment. An inversion technique, designated Doppler spectroscopy, was then used to return the speed of sound in each of the three layers, along with a number of other parameters, including the altitude and speed of the aircraft.
In the early experiments, 19, 20 the Doppler spectroscopy inversions were based on geometrical ray theory. Our purpose in this paper is to improve on the rudimentary ray-based analysis by developing a full wave-theoretic ͑forward͒ model of the sound field from a moving airborne source in a stratified, three-layer environment ͑atmosphere-ocean-sediment͒. It will be shown that, in all three layers, Doppler effects give rise to significant asymmetries in the acoustic field fore and aft of the source. These asymmetric features are characterized in some detail in the discussion.
The basis of the model is as follows. A harmonic airborne source ͑an aircraft͒ is in horizontal, unaccelerated motion in a homogeneous, isotropic, semi-infinite atmosphere. Beneath the atmosphere, the ocean is treated as a classic Pekeris 21 channel, with flat surface, uniform depth, and constant sound speed. Below the water column is a homogeneous, isotropic semi-infinite fluid sediment.
In fact, two closely related wave-theoretic models are discussed in the paper. To investigate the essential physics of a moving source in a three-layer fluid medium, a twodimensional, analytical model is constructed, giving the range, depth, and time dependence of the field from a moving, airborne line source oriented normal to the direction of aircraft motion. This 2-D model yields a solution for the field in each layer in the form of a single wavenumber integral. Simple algebraic approximations are developed for these integrals, which provide valuable insight into the asymmetric structure of the field in each layer fore and aft of the source. Of course, asymmetries similar to those in the 2-D field are also present in the 3-D field from a moving point source in the atmosphere, which is treated in the second model. In the 3-D case, the field solutions are in the form of double wavenumber integrals. These field integrals are evaluated numerically to provide graphic illustrations of the fore-aft asymmetry that exists in all three layers.
It is perhaps worth commenting on the double-integral formulation of the 3-D field from the moving point source.
For the special case of a stationary source, the fore-aft asymmetries vanish, the 3-D field is azimuthally uniform, varying with only two spatial coordinates, range and depth, in which case the solution in each layer may be expressed as a single wavenumber integral. This is the form of solution developed by Pekeris 21 for his two-layer ocean-sediment problem. When source motion is present, however, the axial symmetry is broken and the field is no longer azimuthally uniform. The 3-D field then depends on three spatial coordinates, giving rise to a solution in each layer having the form of a double wavenumber integral. Figure 1 shows the three-layer geometry to be considered in the following analysis. Regions 1, 2, and 3 represent the atmosphere, seawater, and sediment, each with density i and sound speed c i , i =1,2,3. In the horizontal, x is the range coordinate in the direction of source motion and y is the direction normal to the source track. Depth ͑or altitude͒ is z, increasing downward, with the origin z = 0 at the sea surface. The airborne source is at fixed altitude z = zЈ Ͻ 0 and the seabed is at a uniform depth z = h Ͼ 0. A stationary, point receiver at ͑x ,0,z͒ may be in any of the three layers. The source, moving horizontally with constant ͑positive͒ speed V in the positive x direction, is at horizontal range xЈ when time t =0.
II. SOLUTION FOR THE 2-D DOPPLER-SHIFTED FIELD IN A THREE-LAYER WAVEGUIDE
For the 2-D problem, the source is treated as an infinite horizontal line normal to the source track, in which case symmetry dictates that the field is everywhere independent of y. Assuming a monotonic time dependence, possibly representative of an aircraft engine or propeller harmonic, of ͑unshifted͒ angular frequency ⍀, the 2-D wave equation is written in Cartesian coordinates for each of the three layers as follows: 
where i = i ͑x , z , t͒ is the velocity potential in the ith layer, Q L is the source strength per unit length ͓with dimensions of ͑length͒ 2 / time͔ and ␦͑¯͒ is the Dirac delta function. The full time-dependent solution comes from adding a conjugate source term to the right of Eq. ͑1͒ or, equivalently, by taking the real part of the final expression for the field. The three wave equations are to be solved subject to the boundary conditions, namely that the pressure and normal component of particle velocity should be continuous across the sea surface and the seabed:
where the abbreviated notation i ͑u͒ = i ͑x , u , t͒ and i Ј͑u͒ = ‫ץ‬ i ͑x , z , t͒ / ‫ץ‬z͉ z=u has been introduced. Following an analysis similar to that in Buckingham and Giddens, 22 the solutions of the wave equations are obtained using standard integral transform techniques. The exact result for the field in each of the three layers takes the form of a wavenumber integral:
where the integration variable, p, is the horizontal wavenumber and which are radiation conditions ensuring that the solutions for the field in the atmosphere and the sediment decay to zero in the limit of high ͉z͉. Note that all three of the F i are even functions of 2 and mixed in both 1 and 3 . The field expressions contain several density ratios, expressed by the factors
Since the density of air is three orders of magnitude less than that of seawater or sediment, the premultipliers b 12 and b 13 , respectively, in Eqs. ͑9͒ and ͑10͒ represent significant at tenuating factors in the expressions for the velocity potential in the water column and the sediment. These very low density ratios are responsible for the inefficient transmission of acoustic energy across the air-sea and sea-sediment interfaces. Of course, a hydrophone responds to pressure, which, as stated in Eqs. ͑4͒ and ͑6͒, remains constant across the air-sea and sea-sediment boundaries. Thus, the pressure is not affected in the same way as the velocity potential by density contrast factors.
III. THE 2-D FIELD IN THE ATMOSPHERE
The expressions in Eqs. ͑8͒ and ͑12͒ account for all the types of waves that are present in the atmosphere due to the moving airborne source. The first term on the right of Eq. ͑12͒ represents the Doppler-shifted direct path arrival, while the second term includes all the remaining types of wave, each of which is also Doppler shifted. Thus, this second term represents the sea-surface-reflected arrival, the normal modes, which may be interpreted in terms of multiple arrivals from partial reflections off the boundaries of the shallowwater channel, and the lateral, or head, wave propagating at the critical angle of the air-sea interface. In effect, the term in parentheses on the right of Eq. ͑12͒ is the reflection coefficient of the sea surface for those wave components of the incident field with horizontal wavenumber p.
In many circumstances, including recent Doppler spectroscopy experiments with light aircraft, 19, 20 the normal modes and the lateral wave make a negligible contribution to the total field in the atmosphere. These multipath arrivals may be removed from the solution in Eqs. ͑8͒ and ͑12͒ by allowing the channel depth, h, to become indefinitely large under the condition
The expression for F 1 , then reduces to
where, on the right, the reflection coefficient has been derived using the relationship b 13 = b 12 b 23 . A further simplification may be achieved by recognizing that the terms involving b 12 , associated with the lateral wave in the atmosphere, are negligible since the air-to-seawater density ratio is b 12 Ϸ 10 −3 . Under this condition, Eq. ͑18͒ becomes
indicating that the sea surface approximates a rigid boundary to sound incident from above. On the right of Eq. ͑19͒, the first and second terms represent, respectively, the Dopplershifted source and its image in the acoustically rigid sea surface. When Eq. ͑19͒ is substituted into Eq. ͑8͒, the expression for the Doppler-shifted field in the atmosphere becomes
This integral may be evaluated by completing the square under the radical 1 and then making a straightforward substitution, which reduces it to a standard form. 23 The result for the time-dependent velocity potential is the real part of the expression
͑21͒
where H 0 ͑2͒ ͓¯͔ is the Hankel function of the second kind of order zero.
The two Hankel functions in Eq. ͑21͒ represent the Doppler-shifted fields from the source and its image in the ͑rigid͒ sea surface. Besides the Doppler shifts, the main feature of the field expressed by Eq. ͑21͒ is the asymmetric Lloyd's mirror structure arising from the interference between the direct and reflected arrivals. Clearly, when the source is stationary ͑i.e., ␤ 1 =0͒, Eq. ͑21͒ reduces correctly to the two cylindrically spreading terms that are characteristic of a line source.
To understand the algebraic origin of the fore-aft asymmetry in the field, Eq. ͑21͒ may be simplified, with no loss of generality, by letting the receiver range be fixed at x = 0 and the source range be xЈ = 0 when t = 0. The source is then directly over the receiver, that is, at the closest point of approach ͑CPA͒, at the origin of time. With this coordinate system, the ͑real͒ velocity potential, from Eq. ͑21͒, may be expressed as
͑22͒
where J 0 ͑¯͒, Y 0 ͑¯͒ are, respectively, Bessel functions of the first and second kind of order zero, and
The sign of the radical in this expression is always positive. In Eq. ͑22͒, since R ± is even in t, the terms containing the sine and cosine functions are, respectively, odd and even functions of t. This accounts for the asymmetry in the field, since t is negative as the source approaches the sensor ͑in-bound͒ and positive on departure ͑outbound͒. As a check on the solution in Eq. ͑22͒, it is easily shown that when the source is far from the receiver, either inbound ͑t → − ϱ ͒ or outbound ͑t → + ϱ ͒, the Doppler-shifted frequencies correctly reduce to ⍀ / ͑1±␤ 1 ͒, where the minus ͑plus͒ sign applies on approach ͑departure͒. To arrive at this result, the Bessel functions in Eq. ͑22͒ are replaced by their asymptotic expansions and the expression for the field then collapses to a single trigonometric term, which yields the up-and downshifted frequencies directly.
IV. THE 2-D FIELD IN THE WATER COLUMN
The expressions for the field in the water column, Eqs. ͑9͒ and ͑13͒, take full account of the penetrable bottom boundary and the fluid-fluid nature of the air-sea interface. The function F 2 in the integrand contains six branch points in the complex p plane. From the first of Eqs. ͑11͒, it is evident that the branch points are Doppler shifted, falling in the second quadrant at p =−k i / ͑1−␤ i ͒ and the fourth quadrant at p = +k i / ͑1+␤ i ͒, i =1,2,3. It is implicit here that the imaginary parts of the acoustic wavenumbers, k i , are negative.
Poles also appear in F 2 , the residues of which represent Doppler-shifted normal modes. These modes extend throughout the water column, the atmosphere, and the sediment and are represented in the latter two cases by the residues of F 1 and F 3 , respectively. ͑In the atmosphere, of course, the modes make a negligible contribution to the field and were neglected in the above discussion.͒ The poles of F 2 , as well as F 1 and F 3 for that matter, coincide with the zeros of the denominator in Eq. ͑13͒ and hence are solutions of the transcendental equation
is the complete moving-source, 2-D dispersion relation for the three-layer channel from which the eigenvalues of the Doppler-shifted normal modes are obtained. Since Eq. ͑24͒ is independent of the source location, it holds, regardless of whether the source is in the atmosphere, the water column, or the sediment. Equation ͑24͒ is a generalization of the Pekeris 21 dispersion relation and reduces identically to the Pekeris form when the source speed is set to zero and the atmosphere is represented as a vacuum.
The integral in Eq. ͑9͒ is evaluated by taking a D-shaped contour in the complex p plane but indented around the appropriate branch cuts. An example of such a contour, for the case of a stationary source in a Pekeris channel, is shown in Fig. 2 of Buckingham and Giddens. 22 The cut lines are chosen such that each follows the locus Im͑ i ͒ =0, i =1,2,3. This type of branch cut is attributed to Ewing, Jardetzky, and Press 24 and is commonly referred to as an EJP cut. Everywhere on the top Riemann surface produced by the EJP cuts, where the contour integrations are performed, the radiation conditions in Eq. ͑15͒ are satisfied, 25 thus ensuring that a well-behaved, convergent solution for the field in the threelayer waveguide is obtained.
By integrating around the indented D contour in the complex p plane, it is evident that the field in the water column consists of a discrete component, in the form of a finite sum of convergent, or "proper," normal modes, plus a continuous spectrum arising from contour integrations around the 1 and 3 branch lines:
where M is the total number of proper modes. There is no contribution to the field from the 2 cut because F 2 is even in 2 , making the integrand an odd function of 2 , as a result of which the integral is identically zero. The 1 integral yields the ͑usually negligible͒ evanescent field immediately beneath the air-sea interface; and the integral around the 3 cut represents the continuous, subcritical field in the water column, which partially penetrates into the sediment, and also the lateral ͑head͒ wave associated with the critical angle of the bottom boundary.
Again it is convenient to set x = 0, and xЈ = 0 when t =0, in which case the source is inbound to the receiver station when t Ͻ 0 and outbound when t Ͼ 0. From Cauchy's theorem and Jordan's lemma, 26 the contour integration leading to Eq. ͑25͒ is taken around the upper half plane inbound and the lower half plane outbound. The branch line integrals in Eq. ͑25͒ may be made more tractable by a substitution of variable. From Eq. ͑11͒, the horizontal wavenumber, p, may be expressed as
Where there is a choice of sign in Eqs. ͑26͒, the upper sign applies for t Ͻ 0, when the source is inbound and the integration contour is around the top half-plane; otherwise, for t Ͼ 0, when the source is outbound and the integration is around the lower half-plane, the lower sign applies. For an inbound run, the expression for the field in Eq. ͑25͒ now takes the form
where the infinite limits on the integrals are the extremum values of the ͑real͒ radicals 1 and 3 around the respective cuts. The variable p in the integrands in Eq. ͑27͒ is given in terms of the appropriate by Eq. ͑26a͒. An analogous expression to Eq. ͑27͒, with appropriate changes of sign, applies when t Ͼ 0 and the source is outbound from the receiver.
FIG. 2.
Real ͑red͒ and imaginary ͑green͒ parts of the mode shapes fore and aft of the source, evaluated from the exact expressions in Eqs. ͑53͒ and ͑64͒ using the parameters of the Zhang and Tindle channel ͑Table I͒, a source frequency of 88 Hz, and source speed of 50 m / s. The corresponding approximate ͑black͒ mode shapes from Eqs. ͑54͒ and ͑65͒. In the channel, the red and black mode shapes are almost identical.
A. Normal modes
The "moving source" dispersion relation
As in the atmosphere, some simplification to the solution for the field in the water column is achieved by exploiting the large density contrast across the air-sea boundary. Since b 12 , b 13 1, the dispersion relation for the poles in Eq. ͑24͒ may be approximated as
which has a similar form to the Pekeris 21 dispersion relation, except that the vertical wavenumbers in Eq. ͑28͒ include Doppler effects due to the motion of the source. Equation ͑28͒ is a transcendental equation that possesses an infinite number of solutions but of these, only a finite number, M, also satisfy the radiation condition Im͑ 3 ͒ Ͻ 0. Each of these M solutions represents a proper normal mode. Since the horizontal wavenumbers in Eq. ͑28͒ exhibit a fore-aft asymmetry, M, may differ according to whether the source is inbound to or outbound from the receiver.
Iterative solution of the dispersion relation
As it is not possible to derive an explicit closed-form solution of the dispersion relation in Eq. ͑28͒, the exact eigenvalues of the modes can only be determined numerically, using an appropriate iterative procedure. Zhang and Tindle 27 solved a similar problem, in their case for a stationary source in the water column, on the basis of a generalized expression for the "effective depth" of the channel. 28, 29 An alternative approach, introduced by Buckingham and Giddens 22 for a stationary source, is extended below to the moving-source problem: the roots of the dispersion relation are obtained directly using a standard Newton-Raphson iterative procedure.
To begin, the dispersion relation in Eq. ͑28͒ is expressed in the form
where m is the mode number and the subscript m denotes the mth root of Eq. ͑29͒. By manipulating Eqs. ͑11͒, the vertical wavenumber 3m is expressed in terms of 2m as follows:
where the real part of the radical is positive. For convenience the following notation is now introduced:
Returning to Eq. ͑29͒, the equation to be solved for X is
the derivative of which is
Where there is a choice of sign in the above expressions, the upper ͑lower͒ sign is selected when the source is inbound ͑outbound͒. If the nth approximation for the root is X n , then
which converges after just a few iterations to the required solution. A good starting value is X 0 = ͑ m − 1 ր 2 ͒ . Once the vertical wavenumbers of the modes have been determined, the eigenvalues can be obtained from the expression
where the minus ͑plus͒ sign in front of the radical applies when the source is inbound ͑outbound͒.
The Newton-Raphson routine in Eqs. ͑34͒ returns a finite number of solutions, m ഛ M, representing proper modes, which satisfy both the dispersion relation and the radiation condition Im͑ 3m ͒ Ͻ 0. Such modes are convergent in the sense of being square integrable over the channel and the semi-infinite sediment. Equations ͑34͒ also return an infinite number of solutions, m Ͼ M, that violate the radiation condi-tion in the sediment. These nonphysical solutions represent divergent, improper modes, which are not part of the solution for the field. It is easy to identify the admissible solutions of the dispersion relation, simply by inspection of the imaginary part of 3m .
As a check on the Newton-Raphson procedure in Eqs. ͑34͒, the iteration was performed for a stationary source ͑V =0͒ in the Zhang and Tindle 27 channel ͑Table I͒ using their seabed attenuation of 0.3125 dB/ m / kHz. At a frequency of 100 Hz, it is found from Eqs. ͑34͒ that three proper modes are supported, the ͑complex͒ eigenvalues of which are as shown in the second column of Table II . These eigenvalues are identical to those in Table I of Zhang and Tindle. 27 Even with unrealistically high source speeds and extreme bottom attenuations, the Newton-Raphson procedure always returns solutions that satisfy the dispersion relation in Eq. ͑28͒.
With the source moving at 50 m / s over the Zhang and Tindle channel, but all else the same, the Newton-Raphson routine shows that three modes are supported both on approach and departure ͑see the third and fourth columns of Table II͒ . It is interesting that this differs from the lossless case: in the absence of bottom attenuation, three modes are supported on approach, whereas, on departure, the third mode is cutoff, leaving only modes m = 1 and m = 2 to propagate in the channel. Clearly, in this example, when the third mode on the departure side is supported, it owes its existence to the presence of attenuation in the seabed. 22 Evidently, realistic levels of bottom loss can be sufficient to influence the proper mode count in the channel.
Total number of modes, lossless seabed
An exact analytical expression can be derived for the total number of proper modes, M 0 , when losses in the bottom are negligible, although the convergence condition that the imaginary part of 3 must be negative is retained. After some straightforward algebra, 3 in Eq. ͑11͒ may be expressed in terms of 2 as follows:
where ␣ c = cos −1 ͑c 2 / c 3 ͒ is the critical grazing angle of the bottom and the real part of the radical is positive. The dispersion relation, Eq. ͑28͒, may then be written as
.
͑37͒
The M 0 real solutions for 2 all occur when the right handside of Eq. ͑37͒ is real. The mth solution, 2m , can be expressed as
where p m is the eigenvalue of the mth mode. The criterion for modal cutoff is that the upper limit on the grazing angle of an equivalent modal ray is ␣ c . Under this condition, the radical in Eq. ͑38͒ is zero, from which it follows, on setting m = M 0 , that
To determine M 0 from this result it is necessary to identify the eigenvalue p M 0 of the highest proper mode. From Eq. ͑11͒,
which, when combined with the last term of Eq. ͑39͒, yields
On substituting these expressions for the highest modal eigenvalue into Eq. ͑39͒, the total number of propagating modes with the source inbound to the receiver is found to be
and, outbound,
where the right-hand sides of these expressions are to be rounded down to the nearest integer. When the Mach number is zero, it is clear that both expressions reduce identically to the correct result for a stationary source in the Pekeris waveguide. 30 From inspection, it is evident that Eqs. ͑42͒ could be obtained simply by replacing the unshifted angular frequency, ⍀, in the stationary-source expression for M 0 with the shifted angular frequencies ⍀ / ͓1± /␤ 2 cos͑␣ c ͔͒. The latter, of course, are just the Doppler up-and downshifts on a ray inclined at the critical grazing angle to the horizontal.
As an example of the asymmetry expressed through Eqs. ͑42͒, consider a shallow-water channel with a lossless bottom and the remaining parameters, as shown in Table I, as  discussed by Zhang and Tindle. 27 Taking a source speed of V = 50 m / s and a propeller harmonic of unshifted frequency 100 Hz, both typical of a light aircraft, the number of modes inbound is M o͑in͒ = 3 and outbound is M 0͑out͒ =2 ͑see Table II and the discussion toward the end of Sec. IV A 4͒. For the shallower channel ͑Table I͒ used in the Doppler spectroscopy experiments of Buckingham et al., 19, 20 with V =60 m/s and an unshifted frequency of 135 Hz, the number of modes inbound and outbound, respectively, from Eqs. ͑42͒ is M 0͑in͒ = 2 and M 0͑out͒ =1.
In practice, all seabeds exhibit some degree of loss, which tends to increase the number of propagating modes above the values expressed by Eqs. ͑42͒. That is to say, when k 3 is complex, the dispersion relation in Eq. ͑28͒ generally admits more solutions than would be allowed with k 3 purely real. A detailed analysis of this phenomenon, for the case of a stationary source in a Pekeris channel, has been performed by Buckingham and Giddens. 22 Table II includes a realistic example in which the introduction of bottom attenuation increases the mode count outbound but leaves it unaffected inbound.
Residues
To obtain the residue of the mth mode, the denominator of F 2 in Eq. ͑13͒ must be expanded to first order in ͑p − p m ͒, where p m is the mth eigenvalue given by Eq. ͑35͒. Neglecting the very small terms in b 12 and b 13 , the Taylor expansion of the denominator, D, yields Now the wavenumber 3m may be expressed in terms of 2m through the dispersion relationship in Eq. ͑28͒. The denominator then becomes
+¯, ͑44͒
where
If R m is the residue of the mth mode, it follows from Eqs. ͑9͒, ͑13͒, and ͑44͒ that
where, following earlier practice, x and xЈ have been set to zero and
Again using the dispersion relationship in Eq. ͑28͒, this time to eliminate 3m in the numerator of Eq. ͑46͒, the final expression for the residues becomes
For the special case of stationary source, L m in Eq. ͑45͒ reduces identically to the corresponding, Doppler-free expression derived by Pekeris. 
The "effective depth" approximation
Although an exact numerical value for 2m may be computed from the simple Newton-Raphson algorithm in Eqs. ͑34͒, it is also possible to derive an analytical approximation for 2m , which offers some insight into the physics governing the mode shapes and the modal attenuation. The derivation is based on the assumption that, for those modes not too close to cutoff, the vertical wavenumbers in the water column are small, in which case the terms in 2m 2 may be neglected in Eq. ͑30͒. Some algebraic rearrangement then leads to the result
which, when substituted into Eq. ͑29͒, after approximating the arctangent by its argument, leads to the required solution
In general, this solution for 2m is complex due to losses in the bottom, represented by the condition Im͑k 3 ͒ Ͻ 0. When bottom losses are negligible, however, the denominator on the right of Eq. ͑50͒ is real and so too are the vertical wavenumbers, which may expressed in the form
where H is the Doppler-shifted version of the effective depth of the channel. 28, 29 When the source is inbound,
and outbound,
where ␣ c = cos −1 ͑k 3 / k 2 ͒ is the critical grazing angle of the bottom.
Since the Mach number, ␤ 2 , is positive, it is clear from Eqs. ͑52͒ that H out Ͼ H in . This asymmetry in the fore and aft effective depths arises because the frequency is Doppler upshifted inbound and downshifted outbound. An inspection of Eqs. ͑52͒ reveals that these frequency shifts are given by ⍀ / ͑1±␤ 2 ͒, where the absence of a cosine ͑grazing angle͒ factor multiplying the Mach number is a consequence of neglecting 2m 2 in Eq. ͑30͒. In effect, this "low-order-mode" approximation amounts to treating the modal equivalent rays as though they were horizontal, with zero grazing angle.
Mode shape functions
The depth dependence of the modes, given by the residues in Eq. ͑48͒, may be conveniently expressed in terms of mode shape functions:
where 2m is the mth root of the dispersion relation ͓Eqs. ͑29͒ and ͑30͔͒. From the solution for 2m in Eq. ͑51͒, the shape functions may be approximated in terms of the effective depth as follows:
͑54͒
According to this result, the mode shapes within the channel are the same as if the seabed were a pressure-release boundary at a depth H Ͼ h beneath the sea surface. Clearly, the fore-aft asymmetry in H, as expressed by Eqs. ͑52͒, gives rise to different shape functions ahead of and behind the moving source. Although the effect is usually small, as illustrated in Fig. 2 for the case of the Zhang and Tindle 27 channel, it is evident from Eq. ͑54͒ that the turning points in the modes are shallower with the source inbound than outbound. Of course, the main fore-aft asymmetry in Fig. 2 is the presence of three modes inbound and only two outbound.
Modal attenuation
According to Eq. ͑48͒ for the residues, each mode undergoes attenuation as it propagates along the channel. Since Vt is, in effect, the source-to-receiver range, it is evident that this modal decay, arising from losses in the seabed, is associated with the first exponential function in Eq. ͑48͒ and that the attenuation coefficient of the mth mode is
where the complex eigenvalue, p m , is given by Eq. ͑35͒. An approximate expression for the modal attenuation coefficient, ␣ m , may be obtained from Eq. ͑50͒ by making the acoustic wavenumber, k 3 , complex, thus allowing for losses in the bottom. It is convenient to write
where k 3 Ј= ⍀ / c 3 is real and ␥ is the loss tangent of plane waves propagating through the bottom. ͓N.B.: The imaginary term in Eq. ͑56͒, k 3 Ј␥, is the plane-wave attenuation coefficient of the bottom.͔ For most marine sediments, ␥ is a small number close to 0.01. On substituting Eq. ͑56͒ into Eq. ͑50͒ and expanding the result to first order in ␥, the following approximation is obtained:
͑57͒
where the critical grazing angle is now defined as
and H is the effective depth, either H in or H out in Eqs. ͑52͒. The choice of sign in Eq. ͑57͒ is such that the minus ͑plus͒ applies inbound ͑outbound͒. Turning now to the expression for p m in Eq. ͑35͒, on substituting for 2m from Eq. ͑57͒ and expanding to first order in ␥ and to second order in the mode number m, the eigenvalues are approximated as
According to Eq. ͑55͒, the imaginary part of this expression is the attenuation coefficient of the mth mode:
where on approach ͑departure͒ the minus ͑plus͒ sign applies and the effective depth H is given by H in ͑H out ͒ in Eq. ͑52͒.
To the level of approximation in Eq. ͑60͒, the modal attenuation scales as the square of the mode number, giving rise to the phenomenon of mode stripping, and inversely as the cube of the effective depth. When ␤ 2 is set to zero, and after allowing for differences in notation, it can be seen that Eq. ͑60͒ reduces identically to Buckingham's 29 expression for the modal attenuation with a stationary source. In passing, it should be mentioned that the real parts of the eigenvalues in Eq. ͑59͒ switch sign as the source passes through the zenith ͑CPA͒, reflecting the fact that the acoustic arrivals at the receiver propagate in the positive x direction on approach ͑inbound͒, but in the negative x direction on departure ͑outbound͒. Interestingly, the effects of source motion on the modal attenuation do not have a simple interpretation in terms of near-horizontal modal equivalent rays. The Mach number, ␤ 2 , appears in Eq. ͑60͒ through the terms ͑1±␤ 2 ͒ in the numerator and H 3 in the denominator. These terms introduce a fore-aft asymmetry into the modal attenuation, the magnitude of which may be appreciated by forming the inbound to outbound attenuation ratio:
This ratio is independent of mode number but depends on frequency through the cube of the effective depths. Figure 3 shows A versus frequency for the parameters of the Zhang and Tindle 27 channel, as listed in Table I . In the limit of high frequency, both effective depths in Eq. ͑61͒ approach asymptotically the actual depth, h, and A takes the value ͑1 − ␤ 2 ͒ / ͑1+␤ 2 ͒, indicating that the modal attenuation is lower on approach than on departure. At lower frequencies, however, the effective depths in Eq. ͑61͒ are no longer equal, leading to an increase in A with decreasing frequency. For the case illustrated in Fig. 3 , the attenuation ratio, A, passes through unity at a frequency of about 30 Hz, below which the modal attenuation is higher on approach than on departure. In general, equality between the inbound and outbound attenuation occurs at angular frequency,
where the approximation is valid to second order in the Mach number ␤ 2 . Naturally, for any given mode, the condition in Eq. ͑62͒ would not be observed if the mode cutoff frequency were above ⍀ A=1 /2.
B. Branch line integrals
The branch line integrals in Eq. ͑27͒ represent field components that tend to decay relatively quickly with distance from the source. Thus, these integrals are significant only when the moving source is close to the zenith. Although the branch line integrals cannot be expressed explicitly, they may be approximated in several different ways using asymptotic techniques. For the case of a stationary source in the water column, Pekeris 21 presented without proof a particular approximation for the 3 integral representing the lateral wave; and an approximation for the continuous field, in the form of an infinite sum of "virtual modes," has been developed from the 3 integral by Tindle and colleagues. 31, 32 In the presence of source motion, the algebra involved in the asymptotic analyses of the branch line integrals tends to be excessively cumbersome. Since such analyses are not particularly enlightening, at least as far as moving-source effects are concerned, they are not pursued here.
V. THE FIELD IN THE SEDIMENT
As in the water column, the field in the sediment consists of a finite sum of normal modes plus two branch line integrals. Again, the branch line integrals are held in abeyance, while the normal-mode field is examined only briefly, since the modes in the sediment are simply one-to-one extensions of the modes in the water column, satisfying the same dispersion relationship ͓Eq. ͑28͔͒, and thus possessing identical eigenvalues ͓Eq. ͑35͔͒ and attenuation ͓Eq. ͑60͔͒. The residues and the mode shapes, of course, differ from those in the water column.
Following an argument similar to that for the residues in the water column, the residues in the sediment are found, from Eqs. ͑10͒, ͑14͒, and ͑44͒, to be
͑63͒
Therefore, the mode shape functions in the sediment are
From the approximations for the vertical wavenumbers in Eqs. ͑49͒ and ͑51͒, these shape functions may be expressed as
When the source is inbound ͑outbound͒, the sign preceding the Mach number is negative ͑positive͒ and the effective depth, H, is given by H in ͑H out ͒ in Eq. ͑52͒. It is evident from Eq. ͑65͒ that, due to the source motion, the modes decay with depth in the sediment more rapidly on approach than on departure. This, and the other fore-aft asymmetries in the mode shapes, are illustrated in Fig. 2 . 
VI. SOLUTION FOR THE 3-D DOPPLER-SHIFTED FIELD IN A THREE-LAYER WAVEGUIDE
In practice, an aircraft is probably better represented as a point source rather than a line source. The Doppler-shifted field then becomes three-dimensional, depending on ͑x , y , z͒, where, as shown in Fig. 1 , the additional coordinate y is the direction normal to the aircraft's track. Fore and aft of the point source, the Doppler-shifted field is similar to that of the line source, except for differences in the geometrical spreading. Assuming that the aircraft's track is in the vertical plane y = 0, then symmetry dictates that the field be an even function of y. Incidentally, a related problem, that of a stationary point source in a moving medium, may be found in the book by Brekhovskikh and Godin. 33 The wave equations to be solved for the Doppler-shifted 3-D field due to an unaccelerated, horizontally moving airborne point source are
where i = i ͑x , y , z , t͒ is the velocity potential in layer i =1,2,3,Q P is the source strength ͓with dimensions of ͑length͒ 3 / time͔. Following an analysis almost identical to that for the 2-D field, but with an additional Fourier transform over y, these equations may be solved for the field in each of the three layers. The results are as follows: 
where it is important to note the presence of both horizontal wavenumbers, p and s, instead of just p in the 2-D case. As before, the constraints
must hold in order to ensure that the fields in the atmosphere and sediment satisfy the radiation conditions by converging to zero as ͉z͉ goes to infinity. From inspection of the functions F i , it is evident that all three possess the same denominator, which has zeros when the 3-D dispersion relationship is satisfied:
. ͑74͒
Clearly, this has exactly the same functional form as the dispersion relationship in Eq. ͑24͒ for the 2-D field but, as already mentioned, the i , given in Eq. ͑72͒, are now functions of two Fourier transform variables, p and s. On neglecting the terms involving the very small density ratios b 12 and b 13 , the exact 3-D dispersion relationship in Eq. ͑74͒ reduces to
just as in the 2-D case.
Although the dispersion relations in two and three dimensions have the same functional form, the solution of Eq. ͑75͒ is not so straightforward as for the 2-D field. The difficulty may be appreciated by returning to Eq. ͑30͒, which, for the 2-D case, expresses 3 uniquely in terms of 2 along with a number of physical constants ͑acoustic wavenumbers and Mach numbers͒. This simple relationship holds for the 2-D field, even in the presence of source motion. On moving to three dimensions, the expression for 3 corresponding to Eq. ͑30͒ involves 2 and the same physical constants, but now, because of the reduced symmetry due to the source motion, it also depends on one or other of the Fourier variables ͑p , s͒. It follows that the solution of Eq. ͑75͒ for 2 is a function of one of these integration variables, say s. Hence, in the 3-D case, in the presence of source motion, the poles in the complex p plane, along with the modal eigenvalues, the mode shape functions, the effective depth, and the modal attenuation, are all functions of s. With a stationary source, of course, symmetry is recovered, the s dependence disappears from 2 and elsewhere, and the solution of Eq. ͑75͒ proceeds exactly as in the 2-D case.
Clearly, even with a moving source, a Newton-Raphson solution of Eq. ͑75͒ could be developed, allowing 2 to be computed for each value of s. The integrals over p in Eqs. ͑69͒-͑71͒ could then be expressed in terms of normal-mode sums plus additional terms, all of which would be dependent on s; and the integrals over s could then be evaluated numerically. However, such an exercise is of doubtful utility. Instead, it is easier to compute the double integrals in Eqs. ͑69͒-͑71͒ directly. The 3-D fields that are returned exhibit asymmetric features that are qualitatively similar to those discussed earlier, in connection with the 2-D situation. Figure 4 shows the pressure field in the vertical plane containing the source track ͑i.e., the y = 0 plane͒ in the Zhang and Tindle 27 channel ͑Table I͒, as computed from the time derivatives of the velocity potentials in Eqs. ͑69͒-͑71͒. The horizontal axis represents horizontal range, Vt, between the source and receiver and the source speed is V =50 m/s. Negative ͑positive͒ ranges correspond to approach ͑depar-ture͒. In effect, Fig. 4 is a transmission loss ͑TL͒ plot showing the field on the vertical line ͑x =0, y =0,z͒ extending throughout the three layers of the waveguide. Figure 5 shows a horizontal cut through the same pressure field at a depth of 53 m in the channel, which in this case is 1 m above the seabed. Both figures illustrate the fore-aft asymmetry in the field that is introduced by the source motion.
Although the source is monotonic, the frequency of the pressure fields in Figs. 4 and 5 is not spatially uniform but varies with the relative positions of the source and receiver, an effect due to the Doppler shifts that are introduced through the motion of the source. For instance, with the receiver ahead of ͑behind͒ the source the frequency is greater ͑less͒ than the unshifted source frequency. This multifrequency characteristic obviously distinguishes moving-source fields like those in Figs. 4 and 5 from conventional, singlefrequency TL plots associated with a stationary source.
The time series of the field in Fig. 4 at depth z =53 m in the channel is shown in Fig. 6͑a͒ . This is a nonstationary, multifrequency waveform extending 20 s either side of CPA and with a spectral structure that is determined not only by the source motion but also by the propagation conditions in the three-layer waveguide. Figure 6͑b͒ shows the power spectrum of the entire nonstationary time series in Fig. 6͑a͒ , as obtained from a single FFT of 40 s duration, corresponding to a frequency cell width of 0.025 Hz.
It can be seen that the "high resolution" spectrum in Fig.  6͑b͒ exhibits Doppler spreading, which extends approximately 3 Hz either side of the unshifted source frequency, f = 88 Hz. The spread spectrum contains a number of sharply defined, Doppler-shifted peaks. Generally, a pair of peaks is associated with each normal mode in the channel, one of the pair being upshifted ͑approach͒ and the other downshifted ͑departure͒. As discussed in more detail later, the lower the mode number, the nearer the equivalent modal rays are to the horizontal and the greater are the shifts in the frequencies of these spectral peaks: mode 1 exhibits the greatest ͑up-and down-͒ shift, mode 2 a little less, and so on. Of course, if the source were stationary, there would be no Doppler shifting and the spectrum in Fig. 6͑b͒ would collapse onto a single line at the unshifted frequency of 88 Hz. In Fig. 6͑b͒ , the two small peaks on the flanks of the spectrum, at 91.007 and 85.189 Hz, respectively, are identified with mode 1; mode 2 corresponds to the two peaks at 90.921 and 85.273 Hz; and mode 3 to the peak at 90.773 Hz. On the downshifted side, mode 3 is actually cutoff, even though a sharp, mode-like peak is evident at 85.419 Hz that at first sight would seem to be the downshifted third mode. However, this peak and the remaining spectral peaks in Fig.  6͑b͒ are associated with Doppler-shifted virtual modes, which, as discussed by Tindle et al. 30, 31 for the case of a stationary source in the water column, are discrete approximations to the continuous field in the channel. ͓The wavenumber integral in Eq. ͑70͒ is complete and exact and can be expressed as a finite sum of normal modes plus a branch line integral, the latter representing both the continuous field and the lateral wave. An asymptotic analysis of the branch line integral allows it to be approximated as a sum of discrete, mode-like terms, known as virtual modes. As a mode becomes cut off, say, by reducing the frequency, it moves out of the ͑true͒ mode sum, where it was the highest mode, to become the lowest-order virtual mode in the branch line integral.͔
VII. RAY INTERPRETATION OF THE MODAL PEAKS
A moving, monotonic acoustic source in a homogeneous medium emits rays that exhibit a Doppler frequency shift that depends on the launch angle. This is illustrated schematically in Fig. 7 , which shows a horizontally traveling source of unshifted frequency f 0 = ⍀ /2. Rays propagating ahead of the source are upshifted in frequency, with the maximum frequency occurring along the source track in the direction of source motion. Similarly, rays behind the source are downshifted in frequency with the minimum frequency occurring along the source track in the direction opposite to the source motion. Normal to the source track, the ray propagates at the unshifted frequency, f 0 . In general, at an intermediate launch angle, ␣, the frequency of a ray is given by the familiar Doppler expression
It may be inferred from Eq. ͑76͒ that the direction of a ray identifies its frequency, and vice versa. For rays incident from above, the air-sea interface has a critical angle of approximately 13°. Shallower rays are totally reflected but steeper rays penetrate the boundary, where they are refracted according to Snell's law, as illustrated in Fig. 8 . The frequency along a given ray path is, of course, constant. If a refracted ray in the water column has the same grazing angle as an equivalent modal ray, that mode will be excited and will propagate through the channel. Since the rays in the water column from a moving airborne source have grazing angles that extend continuously from 0°to 180°, it follows that all possible modes supported by the channel are excited by the source.
Each mode has a unique frequency, characterized by the launch angle of the ray that excited it. Those modes propagating ahead of the source ͑from left to right in Fig. 8͒ are upshifted in frequency, with the lowest-order mode experiencing the greatest Doppler upshift because its equivalent ray has the shallowest grazing angle. Since their equivalent rays are steeper, higher-order modes have successively lower frequencies, but all are higher than the unshifted frequency, f 0 . A similar description applies to modes propagating behind the source ͑from right to left in Fig. 8͒ . They will be downshifted in frequency, with the lowest-order mode experiencing the greatest Doppler downshift, again because its equivalent ray has the shallowest grazing angle. Higher-order modes have successively higher frequencies but all are lower than the unshifted frequency, f 0 . To summarize, the mode frequencies satisfy the inequalities
where the numerical subscripts denote the mode number and the arrows ͑up or down͒ represent the direction of the Doppler shift. The arrows in the water column represent equivalent modal rays, each of which propagates at a specific, discrete grazing angle that is governed by the mode number, the Doppler-shifted frequency, the depth of the channel, and the sound speed in the bottom. To avoid clutter, the second mode shape has been omitted from the diagram.
This picture of modal equivalent rays in the channel fore and aft of the moving source is consistent with the presence of the very sharp modal peaks on either flank of the spread spectrum in Fig. 6͑b͒ . The mode-1 upshifted and downshifted spectral peaks are associated with the shallowest equivalent modal rays propagating, respectively, ahead of and behind the source. It is clear from Eq. ͑77͒ that these rays experience the greatest Doppler shift. Successive model peaks in the spectrum exhibit progressively smaller Doppler shifts, consistent with the steeper grazing angles of the equivalent modal rays.
VIII. CONCLUDING REMARKS
An analytical theory of sound from a horizontally moving, unaccelerated airborne source ͑an aircraft͒ in a threelayer ͑atmosphere-ocean-sediment͒ Pekeris waveguide is developed in this paper. Each layer is taken to be homogeneous and isotropic, implying a uniform sound speed throughout, and all three layers are assumed to be fluid, incapable of supporting shear. Full solutions for two source geometries are presented.
First, a line source normal to the direction of travel is considered, which gives rise to a 2-D field, varying in horizontal range and depth. This exact 2-D solution takes the form of a single wavenumber integral for each layer. From this solution, the dispersion relation ͓Eq. ͑24͔͒ for the threelayer, moving-source problem is derived. This dispersion relation is complete and exact, accounting fully for all sourcemotion effects as well as the penetrable nature of the sea bed and the fluid-fluid boundary condition at the sea surface. It is clear from the dispersion relation that source motion introduces intricate Doppler shifts into the field, which, as a result, exhibits significant fore-aft asymmetries. Various asymmetrical properties of the field are investigated on the basis of the 2-D dispersion relation, including the effective depth of the channel, the shapes of the normal modes, the mode count, and the modal attenuation. The discussion yields considerable insight into the essential physics underlying the Doppler-shifted field in the channel and the sediment. In the atmosphere, of course, the modal component of the field, although present, is negligible compared with the direct and surface reflected arrivals, which interfere with each other to form a Doppler-shifted version of a Lloyd's-mirror field exhibiting significant fore-aft asymmetry.
The second solution presented in the paper is for a moving point source, which produces a 3-D field and is perhaps more representative of an aircraft than a line source. In the 3-D case, the solution for the field in each layer takes the form of a double wavenumber integral, from which the exact 3-D dispersion relation ͓Eq. ͑74͔͒, incorporating full Doppler effects, is derived. Numerical examples of the field in the three layers, as computed from the 3-D double integrals, illustrate graphically the asymmetries that appear fore and aft of the source.
In the water column and basement particularly, the complexities of the Doppler-shifts ahead of and behind the moving source depend on a number of factors, including the bottom boundary conditions, which themselves depend on the geoacoustic parameters of the sediment. The fore-aft asymmetry introduced into the field by the moving, airborne source is the basis of the Doppler-spectroscopy inversion technique that is currently being developed for recovering the geoacoustic properties of the seabed. 34 
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